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Lecture No. 3

[Momentum Analysis of Flow.Systems}

Objectives of this Chapter

mmmmm) Define the various kinds of forces and
moments acting on a control volume

mmmmm) Use control volume analysis to determine the
forces associated with fluid flow

mmmmm) Use control volume analysis to determine the
I moments caused by fluid flow and the torque

transmitted




Momentum Alysis of Flow Systems

Most engineering problems, including those associated
with fluid flow, can be analyzed using one of three basic
approaches:

mmmm) Differential Approaches.

mmmm) Experimental Approaches.

mmmm) Finite Control Volume Approach

|
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Applications of the Momentum Equation

» Force due to the flow of fluid a round a pipe bend.
» Force on a nozzle at the outlet of a pipe.
» Impact of a jet on a plane surface.

> Force due to flow round a curved vane.




Newton’s Laws and Conservation of Momentum

Newton’s first law states that: a body at rest remains
at rest, and a body Iin motion remains in motion at the
same velocity In a straight path when the net force
acting on It Is zero.

Newton’s second law states that: the acceleration of
a body Is proportional to the net force acting on it and
IS Inversely proportional to its mass.

Newton’s third law states that: when a body exerts a
force on a second body, the second body exerts an
equal and opposite force on the first.




For a rigid body of mass m, Newton’s second law is
expressed as:

= —
Newton's second law: F=ma=m—=

Where: F is the net force acting on the body and i is
the acceleration of the body under the influence of F.

The product of the mass and the velocity of a body

Is called the Ilinear momentum or just the
momentum of the body.




The momentum of a rigid body of mass m moving with
a velocity v Is:

mV

Momentum = m~* y; -

The rate of change of the momentum of a body Is equal to:
F. = ma, =d(mv,)/dt
Newton’s second law for rotating rigid bodies is:
—
M= Idd

M is the net moment or torque applied on the body, I is
the moment of inertia of the body about the axis of
rotation, and a is the angular acceleration.




I The rate of change of angular momentum:

_.
= de dlw) dH

Angul fum equation: M=lag=1]—-= =
gular momen equation ar a e

where @ 15 the angular velocity.

For a rigid body rotating about a fixed x-axis, the
angular momentum equation can be written In scalar

form as:

Angular momentum about x-axis: M, =1,




Types of Control Volume
L Vv |
| =
Moving Control Volume: | .
= 0e | —
—¥ — — : |
V.=V —= V. I _Moving commlvolume _ ;5
. | e ——
X - i}

Example, if the airplane is moving at 500 km/h to the left, and
the velocity of the exhaust gases is 800 km/h to the right relative
to the ground, the velocity of the exhaust gases relative to the

nozzle exit is:
_:|.

V.= V— V. = 800i — (—500i) = 1300 km/h




Fixed control volume

Fixed Control Volume:

Deforming Control Volume:

Deforming
control volume




Forces Acting on A control Volume

Body Forces:
that act throughout the entire body of the control
volume (such as , fluid and metal weight, gravity,

electric, and magnetic forces)

Surface Forces:
that act on the control surface (such as pressure and
viscous forces and reaction forces at points of contact).

. . o A ¥ “
Total force acting on control volume: 2’ F = Z Fiog T l | S




I The total force acting on a control

volume is composed of body forces r M ‘*--j_h
and surface forces; body force is 1 X
shown on a differential volume
element, and surface force 1s shown
on a differential surface element.

T ————
S
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+
x

...""'l- _.1"'-'-"‘-_-!"
Control surface (CS) l

The Body Force

The differential body force dFyy, = dF, ..,

gravi

Gravitational force acting on a flurd element: dF iy = pg dV

Gravitational vector in Cartesian coordinates: g= — gk




The Surface Force

Emtml"
surface ¥ L
Surface force acting on a differential surface element: .-:I'F surbace = Oy~ D dA

Total surface force acting on control surface: 2 I_'".wﬁm - J o, 1 dA

i
.

S F= SRt S Fope = J pgfﬂru+J o, - 7 dA
Y [ -

Total force: >, F= > Em,,.l}. + > Emm + > Emum + > E-ulhu'r

iotal foree bady fomce surface forces




I “The Linear Momentum Equation

Newton’s second law for a system of mass m subjected to a net force F is

dv d =
i al™v

where mV is the linear momentum of the system.

S F=mi=m

- i -
EF=EJ pV dV

s¥s

where om = pdV/




INewton’s second law can be stated as:
the sum of all external forces acting on a system is equal
to the time rate of change of linear momentum of the
system.

— i — —+ —b
General: EF=—' p‘r’du+[ pWV(V. - n) dA

dt W s

The product p( f—’: - 1) dA FEP;EEEHIE the mass flow rate

The sum of all The time rate of change The net flow rate of
external forces | = | of the linear momentum | + | linear momentum out of the
of the contents of the CV control surface by mass flow

|

acting ona CV
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For Steady Flow

During steady flow, the amount of momentum within
the control volume remains constant

— e e
EF=J pV(V.- 1) dA
L

Mass flow rate across an inlet or outlet: m= J p{{:‘" ﬁ] dA, = p‘.fwgﬁr
A

Momentum flow rate across a uniform inlet or outlet:

- —F — —%
J PF{F-H}M=PHﬂ "qﬂ:vwg = ml"l;'l.'g
A

__i




I Momentum-Flux Correction Factor, 3

- d - .2 -
EF—EI pVdV + %}ﬂmvm— 2 BmV,,,

vV 1

For uniform Flow; p =1.0




Steady linear momentum eguation: 2 F = E
il

T F =, Vs - B, V)

One inlet and one outlet: > F = i1(Bs

Along x-coordinate: > Fo=m(B:Vs . — B1¥.x) I




Steps in Analysis

» Draw a control volume.

» Chose the co-ordinate axis system.
» Calculate the total force.

» Calculate the pressure force.

» Calculate the body force.

I » Calculate the resultant force.
i



Example 1

Consider a pipe bend with a constant cross section lying in
the horizontal plane and turning through an angle of 0 .

Flow round a pipe bend of constant cross-section




Solution

Step in Analysis:

1. Control Volume:

2. Co-ordinate axis system
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3. Calculate the total force:

Solution

In the X-direction: F, =pQu, -u,)

i..!|]_=L|'|

u, =u,cosf

Fp o= p(}{ul cosf — ul]

FT.* = m{u?r_u'r]

u, = usin0=0
u, =u,sinf
F;, = pQu, sind

In the y-direction:




Solution

4. Calculate the pressure force:

F, = pressure force at 1 - pressure force at 2
Fp, = pAcosl—p, A costl=p A - p, A cosd
Fp,= pAsinl—p, A sinfl=-p, A sinf

5. Calculate the body force




Solution

6. Calculate the resultant force: F; =F, + F, + Fj_
Fr,=F, +F, +F,

Fy,=F; —F, —0=pQu,cosf—u,)- p A+ p,A cosd

FEJ-' ZFTJ-'_FP}'_:]:PGUE Sing-l_.pl"i;s'ing F::y...................... FResultant

And the resultant force
on the fluid Is given by:

Fax

The direction of application is: F Fe=[F3. - FZ,
efz)

The force on the bend is the same magnitude but in the

opposite direction:




Example 2

Impact of a Jet on a Plane (Fixed Plane):

We will first consider a jet hitting a flat plate (a plane) at an angle
of 90°, as shown In the figure below. We want to find the reaction

force of the plate i.e. the force the plate will have to apply to stay
In the same position




Solution

Step in Analysis:

1 & 2. Control volume and Co-
ordinate axis are shown in the
figure below.

3. Calculate the total force: F, = pQ(u:x = “.1}
:_p{?uh

As the system Is symmetrical the
forces in the y direction cancel I.e. F, =0




Solution

4. Calculate the pressure force:

The pressure force Is zero as the pressure at both the inlet
and the outlets to the control volume are atmospheric.

5. Calculate the body force:

As the control volume is small we can ignore the body
force due to the weight of gravity.

6. Calculate the resultant force: F, =F, +F, +F,
Exerted on the fluid. Fp,=F; —0-0
=—pQu,

The force on the plane is the same magnitude but in
the opposite direction R=-F,




Example 3

Force on a curved vane:

This case Is similar to that of a pipe, but the analysis Is
simpler because the pressures are equal - atmospheric ,
and both the cross-section and velocities (in the
direction of flow) remain constant. The jet, vane and
co-ordinate direction are arranged as In the figure
below.

Jet deflected by a curved vane.




Example 4

A reducing elbow is used to deflect water flow at a rate of 30
kg/s In a horizontal pipe upward by an angle 6 = 45° from the
flow direction while accelerating it. The elbow discharges
water into the atmosphere. The cross sectional area of the
elbow is 150 cm? at the inlet and 25 cm? at the exit. The
elevation difference between the centers of the exit and the
Inlet is 40 cm. The mass of the elbow and the water in it is 50
kg. Determine the anchoring force needed to hold the elbow In
place. Take the momentum-flux correction factor to be 1.03.

25 cm?

150 c¢m?

Water Jé




Solution

The weight of the elbow and the water in it is:

W =mg = (50 kg)(9.81 m/s” ) = 490.5 N=0.4905 kN

] 0k
Vy=——= kels —=20m/s
24 (1000 kg/m™ H0.0150m~)
' 30k
Vy=——= 3-E|Ir5 7o=12m/s Water
pdy (1000 kg/m*)(0.0025m?) e
B W L Vi =¥ o
Ei+$+:]=é+$+:l - B -P =;g[ Ilgl +:E—z]]—r ﬂ.g:g::f:E[ Ilgl +:2]

2 2
I‘LE,F::I[[Fﬂkgfml]-['}-ﬂlm.-’sI{“E m/s) —(2ms) +u_4I LEN

. = |=73.9kN/m” = 73.9kPa
2(9.81 m/s?) 1000 kg - m/s

T

The momentum equation for steady one-dimensional flow 1s Z F= Zlﬂmlf-' — Z ﬁmi?
oud in




Solution

Fre + P page Ay = fmV, cos@— fmlV, and Fp —W = fml, sin &
Fo, = MV, cos0—V,)— P, _A,

=AgE

= 1.03(30 kg/s)[(12cos45" - 2) m-".f.{ LN ]

1000 kg - m/s”
—(73.9 kN/m~ )(0.0150m™~)
=—0.908 kN
: - . 1 kN
F,_ = fmV, sin 8+ W =1.0330 kg/s)( 1251nd5° m/s — |+ 04905 kN =0.753kN
e = J {]{H]l]kg-m-’ﬁ'J
Fr =+|F2 +F2 =+/(-0.908)% +(0.753)> =1.18kN, &= tan” Foe _jant 2122 _ 3970
Fg, —0.90%

Note that: the magnitude of the anchoring force is 1.18 kN,
and its line of action makes —39.7° from +x direction. Negative
value for Fx, indicates the assumed direction is wrong.







